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SURFHVVHV LPSOLHV H[SHQVLYH WULDOVDQGHUURUV RQ IRUPLQJ WRROV 7KH XVH RI WKH QXPHULFDO VLPXODWLRQV LV EHFRPH
LQGLVSHQVDEOHWRSUHGLFWWKHIRUPLQJIHDVLELOLW\DQGWRRSWLPL]HWKHSURFHVVSDUDPHWHUVDQGWKHWRROJHRPHWU\>@
*HQHUDOO\ IRU WKH VLPXODWLRQRIPHWDO IRUPLQJSURFHVV WKHUHDUH WZRDSSURDFKHV WKH LQFUHPHQWDODSSURDFKDQG
WKH LQYHUVH DSSURDFK ,$ %\ WKH ILUVW RQH WKH SK\VLFDO SKHQRPHQD LV VLPXODWHG VWHS E\ VWHS ZKLFK PDNHV LW
SUDFWLFDOO\ DFFXUDWHEXW YHU\ WLPHFRQVXPLQJ2Q WKH FRQWUDU\ WKH ,$DOORZV WKH IDVWPRGHOLQJ LQRQO\RQH VWHS
DYRLGLQJWKHFRQWDFWWUHDWPHQWDQGWKHLQFUHPHQWDOSODVWLFLQWHJUDWLRQ7KLVPHWKRGLVXVHGLQLWLDOO\WRVLPXODWHWKH
VWDPSLQJDQGGHHSGUDZLQJSURFHVVIRUH[DPSOHZHFDQFLWHWKHZRUNRI*XRHWDO>@DQG/LXDQG.DULPD>@$Q
H[WHQVLRQ RI WKLV NLQG RI PHWKRG KDV EHHQ GRQH LQ RUGHU WR WUHDW WKH PRGHOLQJ DQG VLPXODWLRQ RI WKH WXEH
K\GURIRUPLQJ%DVHGRQRXUNQRZOHGJHDIHZZRUNVKDYHEHHQGRQHRQWKLVVXEMHFW
,Q D VLPSOH DSSOLFDWLRQ OLPLWHG WR WKH URXQG WXEHV 1JX\HQ HW DO >@ XVHG WKH ,$ WR DQDO\]H F\OLQGULFDO WXEH
K\GURIRUPLQJZKHUHWKHILQDOFRQILJXUDWLRQLVD[LV\PPHWULF)XHWDO>@SURSRVHGDVWXG\RQRQHVWHSVLPXODWLRQ
IRU WKH EHQGLQJ SURFHVV RI H[WUXGHG SURILOHV &KHEEDK HW DO >@ SURSRVHG D VSHFLILF PHWKRGRORJ\ EDVHG RQ WKH
FRXSOLQJEHWZHHQ WKH ,$DQGD5HVSRQVH6XUIDFH0HWKRGEDVHGRQGLIIXVHDSSUR[LPDWLRQXVLQJDQD[LV\PPHWULF
PHPEUDQHEHQGLQJVKHOOHOHPHQW,QDQRWKHUZRUNVWKHDXWKRUV&KHEEDKHWDO>@LQWURGXFHQHZHQKDQFHPHQWVWR
WKHLU DOJRULWKP LQRUGHU WRGHDOZLWKK\GURIRUPLQJRI WXEHVRIJHQHUDO VKDSHV WKH LQLWLDO WXEH LV VWLOO F\OLQGULFDO






YDOLGDWH WKH PHWKRG 9HULILFDWLRQV RI WKH REWDLQHG UHVXOWV KDYH EHHQ FDUULHG RXW XVLQJ WKH FODVVLFDO (',$ E\
$%$486FRPPHUFLDOFRGH>@WRVKRZWKHHIILFLHQF\RIRXUDSSURDFK

1RPHQFODWXUH       *UHHNV\PEROV
 LQLWLDO       UM= F\OLQGULFDOFRRUGLQDWH
į YLUWXDO       ȜȜȜSULQFLSDOVWUHWFKHV
K WKLFNQHVV      ȤH FXUYDWXUHPHPEUDQHVWUDLQV
3 LQWHQVLW\RISUHVVXUH     İH VWUDLQHTXLYDOHQWVWUDLQ














7KH ,$ LV EDVHG RQ WKH JHQHUDO DVVXPSWLRQ RI NQRZOHGJH RI WKH ILQDO JHRPHWU\ RI WKH ' SDUW DQG WKH WRWDO
GHIRUPDWLRQ WKHRU\RISODVWLFLW\7KHXQNQRZQVDUHPDWHULDOSRVLWLRQVRIQRGHVRQ WKH LQLWLDOJHRPHWU\DVZHOODV
VWUDLQV DQG WKLFNQHVV YDULDWLRQV RQ WKH ILQDO FRQILJXUDWLRQ 7KH VWUDLQV DQG VWUHVVHV DUH FDOFXODWHG E\ GLUHFWO\
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FRPSDULQJ WKH LQLWLDO DQG ILQDO FRQILJXUDWLRQV ,Q WKH IROORZLQJ VHFWLRQV ZH ZLOO SUHVHQW WKH PDLQ VWDJHV RI WKH
PHWKRG
,QLWLDOJHRPHWULFVROXWLRQ
7KH LQYHUVHPHWKRG LV DQ LWHUDWLYHPHWKRG WKDW XVHV WKH1HZWRQ5DSKVRQ DOJRULWKP 15$ WR UHDFK WKH ILQDO
VROXWLRQ7KHUHIRUHLWUHTXLUHVDQLQLWLDOVROXWLRQ7KHLQLWLDOJXHVVUHSUHVHQWLQJWKHJXHVVHGQRGDOSRVLWLRQVDOORZV
VWDUWLQJWKH15$WRHVWLPDWHWKHVWUDLQV7RH[SODLQWKHEDVLFFRQFHSWRIWKHLQLWLDOVROXWLRQWKHJHRPHWULFPDSSLQJ
PHWKRG LVGHVFULEHGIRU WKHK\GURIRUPLQJRIF\OLQGULFDO WXEHV7KHILQDOPLGVXUIDFH LVGLVFUHWL]HG LQWR WULDQJXODU
VKHOOHOHPHQWVDQGPDSSHGRQWRWKHLQLWLDOF\OLQGULFDOWXEHVXUIDFH)LJD.QRZLQJWKHSRVLWLRQVRIWKHHOHPHQW
QRGHVLQWKHILQDOFRQILJXUDWLRQ WKHILUVWJXHVVFDQEHDFKLHYHGE\WKHLQWHUVHFWLRQEHWZHHQWKHSURMHFWLRQVRIWKH








,Q WKH LQYHUVH DSSURDFK RQO\ WKH FRQILJXUDWLRQV RI WKH LQLWLDO WXEH RI F\OLQGULFDO IRUP & DQG WKH ILQDO '
ZRUNSLHFH&DUHFRQVLGHUHG$.LUFKKRIIDVVXPSWLRQKDVEHHQFRQVLGHUHGWRGHILQHWKHSRVLWLRQYHFWRUVRIPDWHULDO
SRLQWV DW WKH LQLWLDO DQG ILQDO FRQILJXUDWLRQ )LJ E 7KH GHIRUPDWLRQ JUDGLHQW WHQVRUV DW SRLQWVT DQGT ZLWK
UHVSHFWWRSDUHGHILQHGLQWKHORFDOFRRUGLQDWHV\VWHPE\

    O ª º   ¬ ¼ T S[ S[ S\ S\G[ G[ [ X [ X Q G[)   
  ] ª º   ¬ ¼T S[ [ S\ \G[ G[ [ ]Q [ ]Q Q G[)  
:KHUH[ [\]LVWKHSRVLWLRQYHFWRUDWWKHPLGVXUIDFHO ]] KKLVWKHWKLFNQHVVVWUHWFK
7KHGHIRUPDWLRQJUDGLHQWLQYHUVHWHQVRUGHVFULELQJWKHPRYHPHQWEHWZHHQSRVLWLRQVTDQGTUHIHUHQFHGLQ&DV
IROORZV
 )T TG[ G[   
7KHQWKHLQYHUVHRIWKH&DXFK\±*UHHQOHIWWHQVRUEHWZHHQTDQGTWDNHVWKHIROORZLQJIRUP
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 7    % ) )   
(LJHQYDOXHV RI WKH OHIW &DXFK\*UHHQ WHQVRU JLYH WZR SULQFLSDO SODQH VWUHWFKHV O O DQG WKHLU GLUHFWLRQ
WUDQVIRUPDWLRQPDWUL[07KHQWKHWKLFNQHVVVWUHWFKOLVFDOFXODWHGE\WKHLQFRPSUHVVLELOLW\DVVXPSWLRQ
)LQDOO\WKHORJDULWKPLFVWUDLQVWHQVRULVREWDLQHGDV
> @ 7OQ OH 0 0   
6WUHVVFRPSXWDWLRQ
,Q WKH SUHVHQW ,$ WKH HODVWRSODVWLF GHIRUPDWLRQ LV DVVXPHG WR EH LQGHSHQGHQW RI WKH ORDGLQJ SDWK 7KH
FRQVWLWXWLYH UHODWLRQV UHPDLQ LQ WKH IUDPHZRUNRI WKHGHIRUPDWLRQ WKHRU\RI SODVWLFLW\ LQZKLFK+LOO¶V DQLVRWURSLF
FULWHULRQ LVHPSOR\HG WRGHVFULEH WKHSODVWLF IORZ$SODQDUDQLVRWURSLF VKHHW LV FRQVLGHUHG7KH WRWDO FRQVWLWXWLYH
UHODWLRQVFDQEHZULWWHQE\
 








:  : :   ¦   
:KHUH HLQW: LVWKHLQWHUQDOYLUWXDOZRUNDQG HH[W: LVWKHH[WHUQDOYLUWXDOZRUNUHODWHGWRWKHWRRODFWLRQV
H
LQW Q L L L:    į8 į9 į: ! QG HLQW8 ) į8   
,Q WKLV ZRUN WKH NQRZQ ' FRQILJXUDWLRQ LV GLVFUHWL]HG E\ IODW WULDQJXODU VKHOO HOHPHQWV FDOOHG'.7 7KLV
HOHPHQWLVREWDLQHGE\DVVHPEO\RIWKHHOHPHQWRIPHPEUDQH&67XYDWFRUQHUQRGHVZLWKWKHGLVFUHWH.LUFKKRII




P I $ HLQW) 1 07 % %  
7LVWKHWUDQVIRUPDWLRQORFDOJOREDOPDWUL[%PDQG%IDUHPHPEUDQHDQGEHQGLQJVWUDLQUHVSHFWLYHO\DQG1DQG
0DUHWKHPHPEUDQHIRUFHVDQGEHQGLQJPRPHQWVUHVSHFWLYHO\
,Q WKHFDVHRIQRIULFWLRQ WKHHOHPHQWH[WHUQDO IRUFHVGXH WR WKHK\GUDXOLFSUHVVXUHFDQEHFRPSXWHGXVLQJ WKH
HTXLOLEULXPFRQGLWLRQV
LQW  3H[W) ) Q   

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:KHUHQLVWKHQRGDOXQLWQRUPDOYHFWRUWRWKHWXEH3LVWKHXQNQRZQIRUFHLQWHQVLW\
,Q IDFW WKHUH DUH WKUHH XQNQRZQV DW HDFK QRGH 8 9 DQG : LQ &DUWHVLDQ FRRUGLQDWH %HFDXVH WKH UDGLDO
GLVSODFHPHQW8UDWHYHU\SRLQWLVNQRZQVHH)LJZRUNLQJLQDF\OLQGULFDOFRRUGLQDWHV\VWHPDOORZVXVWRUHGXFH
WKHQXPEHURIXQNQRZQGLVSODFHPHQWVIRUHDFKQRGHWRWZRFLUFXPIHUHQWLDODQGD[LDORQHVǻĳDQG:
$W HDFK LWHUDWLRQ WKH HVWLPDWLRQ RI GLVSODFHPHQW LQFUHPHQW LV REWDLQHG E\ WKH UHVROXWLRQ RI WKH IROORZLQJ
HTXLOLEULXPHTXDWLRQV
L
W      '    . L L LH[W LQW8 ) 8 ) 8 5 8   
:KHUH LW   Lª º w w¬ ¼. 5 8 8  
,QWKHV\VWHPWKHIRUFHFRUUHVSRQGLQJWRWKHURWDWLRQ'MLVDVVXPHGWREHWKHPRPHQW W0 ) U DQGULVWKH
ILUVWFRRUGLQDWHRIQRGHLQF\OLQGULFDOV\VWHPLQWKHILQDOFRQILJXUDWLRQ
L L L







8 8 FRVĳ 5  FRV   FRV 
9 8 VLQĳ 5  VLQ   VLQ 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$SSOLFDWLRQGDWD
7DQG<VKDSHGSDUWVDUHDPRQJWKHFDVHVZKHUHPRUHRIPDWHULDOIHHGLQJLQWKHFLUFXPIHUHQWLDOGLUHFWLRQRIWKH
WXEH LQH[SDQVLRQ]RQH LV QHFHVVDU\ WRFDUU\RXW WKHSDUW7KLVNLQGRI WHVWV KDVEHHQVWXGLHGE\VHYHUDO DXWKRUV
H[SHULPHQWDOO\ DQG QXPHULFDOO\ XVLQJ LQFUHPHQWDO FRGHV EXW EDVHG RQ RXU NQRZOHGJH WKH\ QHYHU XVHG VLPSOLILHG







XVHG DV ELOOHW WXEH IRU ERWK EUDQFKHV $ SRZHU ODZ SODVWLFLW\ PRGHO  V   H ZKLFK REWDLQHG IURP
EXOJH WHVW >@ ZDV XVHG IRU WKH VLPXODWLRQ DQG WKH RWKHU PDWHULDO SURSHUWLHV DV <RXQJ¶V PRGXOXV RI  *3D
3RLVVRQ¶VUDWLRRIDQGGHQVLW\RINJP
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1XPHULFDOUHVXOWV
,Q WKLVVHFWLRQZHZLOOSUHVHQW WKHVLPXODWLRQUHVXOWVRI ILQDO WXEHZDOO WKLFNQHVVGLVWULEXWLRQ IRU IUHH7DQG<
EUDQFKIRUPLQJ7KHUHVXOWVRI ,$DUHFRPSDUHGZLWK WKHUHVXOWVRI(',$RI$%$486FRPPHUFLDOFRGH'XULQJ




















E\D IDFWRURIZLWKDSSDUHQWO\QR LOO HIIHFW IRUDOORXUDSSOLFDWLRQVFDVHV VHHDOVR&KHEEDKÜ HW DO >@7KH
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6LPXODWLRQ RI DQLVRWURSLF WXEH K\GURIRUPLQJ RSHUDWLRQ XVLQJ DQ LQYHUVH ILQLWH HOHPHQW DSSURDFK KDV EHHQ
SUHVHQWHG LQ WKLV SDSHU:HKDYH SURSRVHG D JHRPHWULFDO LQLWLDO VROXWLRQ DOORZV DYRLGLQJ WKH SUREOHPRI YHUWLFDO
ZDOOVDQGUHYHUVHWDSHU1XPHULFDODSSOLFDWLRQVRIWXEHK\GURIRUPLQJRI7DQG<VKDSHGWXEHXVLQJWKHIORZVWUHVV
GDWDREWDLQHGIURPEXOJHWHVWKDYHEHHQXWLOL]HGWRYDOLGDWHWKHPHWKRG9HULILFDWLRQVRIWKHREWDLQHGUHVXOWVKDYH
EHHQFDUULHGRXWXVLQJ WKHFODVVLFDO(',$E\$%$486FRPPHUFLDO FRGH7KH UHVXOWVRIQXPHULFDODSSOLFDWLRQV
REWDLQHGHQFRXUDJHXVWRGHYHORSRUDGDSWDJHQHUDOPHWKRGIRUVHDUFKLQJLQLWLDOVROXWLRQZKLFKPDNHVRXUPRGHO
FDSDEOHWRVWXG\PRUHFRPSOLFDWHGSDUWV
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